Mass redistribution in the convecting mantle of a planet causes perturbations in its moment of inertia tensor. Conservation of angular momentum dictates that these perturbations change the direction of the rotation vector of the planet, a process known as true polar wander (TPW). Although the existence of TPW on Earth is firmly established, its rate and magnitude over geologic time scales remain controversial. Here we present scaling analyses and numerical simulations of TPW due to mantle convection over a range of parameter space relevant to planetary interiors. For simple rotating convection, we identify a set of dimensionless parameters that fully characterize true polar wander. We use these parameters to define timescales for the growth of moment of inertia perturbations due to convection and for their relaxation due to true polar wander. These timescales, as well as the relative sizes of convective anomalies, control the rate and magnitude of TPW. This analysis also clarifies the nature of so called "inertial interchange" TPW events, and relates them to a broader class of events that enable large and often rapid TPW. We expect these events to have been more frequent in Earth's past.
Introduction

1
A rotating, quasistatic body like a planetary mantle will tend to spin 2 about the axis of its maximum moment of inertia. Convection in a planetary 3 mantle continuously redistributes mass, which can change the moment of 4 inertia tensor, necessitating a change in the spin axis of the planet to conserve 5 angular momentum, a process known as true polar wander (TPW).
6
TPW was first considered in detail by Darwin (1887) , and the theory has been subsequently developed by many (e.g. Munk and MacDonald, 1960; 8 Goldreich and Toomre, 1969; Ricard et al., 1993) . Despite this, the ability 9 of internal mass anomalies to drive large-scale TPW remains controversial.
10
Paleomagnetic data have been interpreted to require up to 3
• −12
• /Myr rates 11 of TPW (Mitchell et al., 2011) , but the ability of the mantle to respond at 12 such rates has been questioned (Tsai and Stevenson, 2007) .
13
The primary uncertainties in assigning a maximum TPW rate to a con- or prescribed moment of inertia variations (e.g. Tsai and Stevenson, 2007; 28 I ij (t) = I 0 δ ij + J ij (t) + E ij (t)
where I 0 is the spherically symmetric reference moment, J ij is the contribu-63 tion due to rotational deformation, and E ij is the contribution due to internal ative to the inertial frame is specified by Ω. A terrestrial no-net-rotation 81 or hotspot reference frame are common choices for the body-fixed frame.
82
Treatments of gravitational or rotational deformation of a planet are most 83 naturally expressed in the body-fixed frame, as described in Section 2.3. Fi-84 nally, there is the frame described by the principal axes of convective part of 85 the moment of inertia E, which we will refer to as the "E-frame." Redistribu-
86
tion of mantle mass anomalies due to convection changes the principal axes 87 of E, causing the E-frame to slowly rotate with respect to the geographic 88 frame.
89
Rotational deformation
90
Rotational deformation in an elastic body is traditionally related to the 91 degree-two part of the centrifugal potential using a Love-number formalism.
The 
where k L is an internal loading Love number representing the surface deflec-127 tion due to density anomalies, and C ij is the moment of inertia due solely 128 to the internal load. When the timescale of the surface response is short 129 compared to the true polar wander timescale, it is reasonable to use the fluid 130 limit geoid kernels (e.g. Richards and Hager, 1984) :
An alternative to the Love number formalism is to calculate surface deflec- 
Introducing a unit vector ω = Ω/ Ω and using Equation (8) for k f , we may 143 solve this equation forω:
In order to evaluateω we require knowledge of both E and ω in the geo-
145
graphic frame (i.e. the frame used to derive Equation (13)). The same frame
146
is also used to measure TPW, but the expressions on the right-hand-side 147 of Equation (13) are more naturally evaluated in the reference frame of the 148 principal axes of E. We can avoid the need to reconcile these two frames = |ω|) . Evaluating the scalar productẆ 2 =ω ·ω gives
The scalar terms on the right-hand-side of Equation (14) can now be eval-153 uated in either the geographic or the E frames. Therefore we can enter the 154 coordinate system of the convective moment of inertia E with principal mo-155 ments λ 1 ≤ λ 2 ≤ λ 3 . In this case the orientation of ω is defined in the 156 E-frame using colatitude θ and longitude φ (see Figure 1 ). Plugging this 157 description of ω into Equation (14), and after some tedious algebra, we find deviator (E ij − 1/3E kk δ ij ):
The second invariant of the stress deviator is commonly used in the theories The axes e 1 , e 2 , and e 3 represent the principal axes of the convective moment of inertia E, with associated eigenvalues λ 1 , λ 2 , and λ 3 , respectively. The angle θ represents the mismatch between the rotation axis ω and the e 3 -axis. For illustration, the longitude φ of the rotation axis is taken to be zero so ω lies in the e 1 -e 3 plane. In general φ is not zero. True polar wander moves the rotation axis towards the e 3 -axis. Observations ofω are made in the geographic frame, which drifts relative to the E-frame.
The second special case occurs when the rotation vector ω lies in e 1 -e 3 plane (φ = 0). Equation (15) reduces to
An equivalent expression was given by Tsai and Stevenson (2007 
where u is the velocity, P is the pressure, and T is the temperature. The
196
vector g is the gravitational acceleration, which defined in terms of a gravi-
197
tational potential V by g = −∇V . The gravitational potential obeys
where G is the gravitational constant. For the purposes of scaling, we assume 
to define the density. The remaining parameters are defined in Table 1 .
203
Note that we retain the centrifugal term in the momentum equation, which the Prandtl and dissipation numbers). It would be straightforward to include 229 them, but they do not affect the overall treatment of this scaling.
230
The dynamics can be characterized in terms of deviations from a refer-231 ence hydrostatic state. We define a dynamic pressure by P * = P − P 0 and 232 introduce density perturbations δρ = ρ − ρ 0 = −ρ 0 α(T − T 0 ). In addition, we 233 expect deviations in the figure of the planet from its hydrostatic shape, which
234
we denote by V = V H + ∆V , where V H is the hydrostatic figure and ∆V is 235 the deviation. Our rationale for this decomposition is simply that the hydro-236 static pressure is defined in the hydrostatic configuration V H rather than V .
237
Introducing ∆V requires another nondimensional number to characterize it,
238
and we find that the quantity Γ ≡ α∆T is convenient. (The motivation for 239 this choice is explained below.) Finally, we define Ω = Ω 0 ω, where ω is a 240 unit vector in the direction of Ω.
241
By definition the hydrostatic reference state is a solution to Equation (19)
242
where there is no flow:
Removing this reference state from the full momentum equation defines an written in nondimensional form using the parameters in Table 2 we obtain:
Only two dimensionless parameters appear in Equation (24); the buoyancy 
255
We start with the dimensional form of Equation (19). Crossing it with r 256 and integrating over the volume of the mantle gives: 
which may be rewritten via the Jacobi identity to find
This equation can be directly identified with Equation (2); it is a statement 265 that a quasistatic body will rotate around the principal axis of its total 266 moment of inertia.
267
We now seek to quantify the perturbation to Equation (26) 
As previously noted, the first term of this equation is zero due to the hydro-276 static equation. The fourth term is negligible due to being second order in 277 the smallness parameters ∆V /V H and Γ ≡ α∆T . Removing these, we find
This equation may be identified with Equation (4), where disequilibrium in 
convective moment of inertia with the spin axis (right side). Equation (29) 281 also reveals the need for the dimensionless parameter Γ = α∆T . The pertur- We now proceed to characterize the rate of TPW in terms of the dimen-287 sionless number identified in Table 2 . This approach ensures that we reduce 288 the problem to the minimum set of parameters. for our purposes to let
Combining these results gives the dimensionless rate of TPW
A more convenient form is obtained by noting that difference in the polar 300 and equatorial moments (C − A) is proportional to the ratio of rotational to 301 gravitational forces (Munk and MacDonald, 1960) :
We can also define a nondimensional eigenvalue differencing using Λ ij =
303
(λ i − λ j )/I 0 . Introducing these results into Equation (31) gives
which defines the rate of TPW in terms of dimensionless parameters Ra, m 305 and Γ. At this point we do not have estimates for Λ ij or θ. However, we do 306 know that they must be functions of the dimensionless numbers in Table 2 307 and our dimensionless time t .
308
For the case of slowly rotating bodies (m 1), we do not expect rotation
309
have a large influence on the style of convection, so it would be reasonable to 310 look for scalings of the form Λ ij (Ra, Γ, t ) and θ(Ra, Γ, t ). We avoid the com- 
An additional contribution arises from the deflection of the surface and inter- 
Orthogonality of the basis functions means that the integral for C ij picks out 333 degree-two spherical harmonics in the lateral dimensions, and only the lowest 334 few radial functions R n (r). Consequently, only a few terms in the expansion 335 matter for TPW. We seek to estimate the power in those few modes, which we 336 denote by T degree-two (see Appendix A for more detail). Once the contribution 337 to T degree-two is established, the integral for C ij can be approximated by
The nondimensional difference in the principal moments becomes 
Strictly speaking, convective mixing can produce smaller scales, but the 356 power in these scales is greatly reduced by diffusion. Thus total number 357 of modes that are accessible to the system are
The value of each T lmn (t) will in general be some complex function of time,
359
but for a given style of convection we expect the time average to define a 360 representative power spectrum. For chaotic flow the power should be spread 361 out amongst the modes accessible to it. We may make the hypothesis that 362 each of the modes are roughly as likely as any of the others, which implies
Any of a number of scaling laws can provide an estimate for the char- 
We test this prediction using a series of numerical simulations of mantle smaller. The total power in the temperature field is spread across a larger 391 spectrum, leaving less total power for the degree-two part to drive TPW.
392
Returning to the three-dimensional problem we expect Λ ij to scale as
Using this estimate in Equation (33) gives
Remarkably, Ra and Γ have completely dropped from the expression for the 395 rate of TPW. The time constant τ R goes down at high Rayleigh numbers.
396
At the same time, the coherence in the temperature structure goes down, (40)).
403
The cancellation of explicit Ra dependence is something of a coincidence 
431
An instantaneous change in the convective moment of inertia shifts the 432 orientation of the principal axis, causing a change in the misalignment angle.
433
A random change could make the angle larger or smaller, so there is no guar-
434
antee that a given perturbation will cause θ to grow. On the other hand, we that facilitate large changes in θ also promote rapid growth rates.
441
Given a random perturbation to E, we would like to give a bound on the Davis and Kahan (1970) . Two spheroidal bodies with eigenvalues λ 2 > λ 1 start out with the rotation axis Ω aligned with the λ 2 axis. However, on the left the eigengap λ 2 − λ 1 is large, while on the right it is small. A negative mass perturbation is instantaneously added to both bodies, which effects a small rotation of the principal axes on the left, but a large one on the right.
bound on ξ is given by (Davis and Kahan, 1970) 447 ensures that θ ≈ π/2. In this case the rate of TPW may be small before and 458 after the interchange.
459
The angle ξ would correspond to a change in θ if relaxation was not does not need to be 90
• after an interchange of maximum and intermediate 481 axes due to the subsequent evolution of density anomalies during the event.
482
We clarify these points using numerical simulations of convection in a 2D 483 spherical annulus. (33). We draw special attention to two events in the time series. At ∼0. show that rapid motion often occurs because θ does not remain close to π/2.
547
Moreover, the inertial interchange is only a special case of the large θ, "fast 548 TPW" regime. We expect large θ and "fast TPW" to be more prevalent in 549 the early Earth, when the mantle was presumably hotter and less viscous 550 (i.e. higher Ra). More vigorous convection increases the rate of change of 551 density anomalies and makes θ(t) less stable. Large (and potentially fast) 552 TPW events should have been more frequent.
553
We can substitute direct estimates of the important parameters into 554 Equation (17) to obtain an estimate of maximum TPW rates for Earth. 
which corresponds to about 66 cm/yr at a point 90
• from the TPW axis
573
(and is comparable to the maximum rates seen in Figure 4 ). This value is the maximum polar wander rate.
582
Thus far we have restricted our discussion to planets with lithospheres 
Conclusion
597
We have developed a framework for discussing the rates of true polar wan-598 der for a convecting planet from a perspective of scaling and fluid dynamics.
599
We identified a small number of dimensionless parameters which describe the 600 system, and showed how they affect the overall dynamics of the system.
601
The most important parameters are the Rayleigh number and m, which 
